Abstract. This paper defines a generalization of the Connes-Moscovici Hopf algebra, H(1) that contains the entire Hopf algebra of rooted trees. A relationship between the former, a much studied object in noncommutative geometry, and the later, a much studied object in perturbative Quantum Field Theory, has been established by Connes and Kreimer. The results of this paper open the door to study the cohomology of the Hopf algebra of rooted trees.
method [3] . For a brief but clear exposition of the results in this section, see [2] . Let x(s) be a vector field and d ds x(s) = f(x) x(0) = x 0 . (1) the system of differential equation of interest to Butcher. The Butcher group for this system of differential equations is the Lie group defining the Hopf algebra of rooted trees. Specifically, let H rt be the Hopf algebra of rooted trees, defined in section 2 of this paper. Let G be the Butcher group for this differential equation. Then H rt is the graded dual of the universal enveloping algebra of the Lie algebra of G H rt = U ∨ (Lie(G)) .
The group G defines the combinatorics at the heart of H rt . For more details, see [7] . For a detailed exposition on the relationship between the Butcher group and the Hopf algebra of rooted trees, see [2] . For the rest of this paper, we consider differential equations of the form (1) . For now, let x(s) be a smooth vector field x(s) : R → R n .
In section 3, we will generalize these arguments from R n to more general manifolds.
We use the shorthand ∂ i1...i k f (x) := ∂ i1 ∂ i2 . . . ∂ i k f (x). In the context where x(s) is a vector field on R n , the following correspondence exists between derivations of x(s) and non-planar rooted trees.
Definition 2. Rooted trees are non-planar simply connected graphs with a marked point, called the root. The edges of the graph are oriented away from the root.
In this case, rooted trees are drawn root vertex up, indicated by a circle around the root vertex.
Notice that the n th derivative of x(s) with respect to s gives rise to a linear combination of trees witn n vertices. In fact, it is a linear combination of all the trees with n vertices. Definition 3. Let V (t) be the vertex set of a tree, and E(t) the set of edges. If v and w ∈ V (t) are the initial and terminal vertices, respectively, of an edge in t, indicate this edge as vw ∈ E(t). The fertility of a vertex, v, is the number of edges for which v is the initial vertex. Write this f ert(v). If f ert(v) = 0, then v is a leaf vertex.
Notice that each vertex w ∈ V (t) is either the root vertex, or there is a unique vertex v w ∈ V (t) such that v w w ∈ E(t). The vertex v w is called the parent vertex of w. For a fixed differential equation as in (1) above, following Butcher [3] , one can associate to any rooted tree t a function of f and its derivatives,
To fix notation, define
The map φ is defined on rooted trees, where r is the root vertex of t,
For instance, given a tree
It will be useful later in this paper to define a family of linear maps on C ∞ (R n ) indexed by rooted trees.
Definition 4. Define a linear map
The Hopf algebra of rooted trees
Let H rt be the Hopf algebra of rooted trees. This Hopf algebra is defined in detail in [5] and summarized here. Consider the vector field generated by all rooted trees t Q t|t rooted tree . This is a unital algebra with the unit representing the empty tree, 1 = I Hrt = t ∅ . Multiplication on this algebra is commutative, and corresponds to the disjoint union of trees. This is called a forest.
The algebra H rt is graded by the number of vertices in the tree
There is a grading operator Y on H rt such that for a single tree with |V (t)| = i vertices, t ∈ H rt,i , Y (t) = it. Before defining the coproduct structure on H rt , we define a few terms.
Definition 5.
A proper admissible cut of a tree t is a collection of edges, c ∈ E(t), such that any path from a root vertex to a leaf vertex contains at most one such edge.
Removing the edges corresponding to an admissible cut of t gives a set of subtrees of t.
Definition 6. The subtree of t associated to a proper admissible cut c that contains the root vertex of t is the root subtree defined by c, R c (t). The other set of subtrees is the pruned forest defined byc, P c (t) = i P c,i (t). Each P c,i (t) is a single tree in this subset. The root vertex of each P c,i (t) is defined by the orientation of t.
The set of admissible cuts of a tree consists of the proper admissible cuts and two trivial cuts, one such that R c (t) = t (called the empty cut ), and one such that P c (t) = t (called the full cut ).
The bialgebra structure on H rt is given by a coproduct
This coproduct is compatible with multiplication on H rt . Let c be an admissible cut of t and c ′ an admissible cut of t ′ . Then
This is a grading preserving coassociative coproduct. The counit is given by ε(t) = t t ∈ H rt,0 ; 0 else.
Thus defined, H rt is a connected graded bialgebra over a commutative ring, Q. Therefore, it is a Hopf algebra. The antipode is given by
The map φ defined in (2) is an algebra homomorphism. For a forest tt ′ ,
2.1. The genralized natural growth operator. In [5] the authors define a sub Hopf algebra of H rt generated by elements formed by repeated application of the natural growth operator on the single vertex tree. The construction of this Hopf algebra is summarized here, and the idea of natural growth is generalized.
Definition 7. The natural growth operator
maps a tree, t, to a sum of trees, N (t), formed by increasing the fertility of each vertex of t by one. Each tree in the sum has one more vertex than t.
For instance,
In loc. cit., the authors define a set of generators
and check that the algebra Q[{δ k |k ∈ N}] is a Hopf algebra. Below are the trees for the first few δ k .
be the Hopf algebra defined in [5] , generated by the terms δ k .
In the context of section 1, given an initial value problem of the form (1), the natural growth operator corresponds to derivation by the parameter s. That is,
Lemma 1. In general, one has the relation
Proof. Recall that for a fixed differential equation
and a tree t ∈ H rt , we have
By definition of the natural growth operator,
w∈V (t)\{r,u}
This is exactly the expression for
On the level of trees, there is no reason to limit natural growth only to growth by one vertex. One can grow a tree by any other tree.
Definition 9. For any tree t ∈ H rt , there is a generalized natural growth operator
that maps a tree to a sum of trees, each formed by by increasing the fertility of a vertex by one. This additional edge connects the vertex v of the original tree to the root vertex of t. We define
For instance, let
Then the tree
Lemma 2. In general, for t and t ′ ∈ R,
Proof. This proof is a generalization of the statement for t = δ 1 . Natural growth by t increases the fertility of each vertex by one. This is represented in the right hand side of (4) by differentiation with respect to x j (s). Instead of growing by a single vertex, N t grows by the tree t. This is represented by contraction with φ j (t).
The natural growth operator can be extended as an algebra homomorphism N t : H rt → H rt . Specifically
Finally, I calculate the composition of the coproduct with the generalized natural growth operator. One can generalize natural growth to an operator on C ∞ (R):
The coproduct of the operator N t is given by
Proof. Let s v be the tree built by connecting the tree s to t by an edge from the vertex v ∈ V (s) to the root vertex r ∈ V (t). Then the set E(s v ) = E(t) ∪ E(s) ∪ vr, and N t (s) = v s v . Therefore,
The set of admissible cuts of s v can be divided into two sets,
The set A is just the set of admissible cuts of s.
In this notation,
For c ∈ A, if the vertex v lies in a pruned subtree, P c,1 (s v ), write
By construction, the terms
After rearranging terms,
For each c ∈ B v , write c = c s ∪ c t with c t corresponding to an admissible cut of t and c s an admissible cut of s. If vr ∈ c, then consider vr ∈ c t as the empty cut of t. For a fixed c ∈ B v ,
The root subtree of each c ∈ B v , R c (s v ) is formed by attaching the tree R ct (t) to R cs (s) by an edge from v to the root vertex of R ct (t). It is a summand of N Rc t (t) R cs (s). Notice that by construction of B v , if c ∈ B v it cannot contain the empty cut of s. Again, by rearranging terms
Combining (6) and (7), gives
as desired.
2.2.
Generating H rt using generalized natural growth operators. In [5] , the authors define an operator on H rt that maps a forest to a single tree formed by connecting each root vertex of the forest to a new root vertex. Write this operator
On a forest t 1 t 2 , this is defined
This can be extended by linearity to all of H rt .
Remark 1. The operator B + is a one Hochschild cocycle on H rt [1] .
The natural growth and the B + operator are related. For any tree t with root fertility n, there exists a set of trees {t 1 . . . t n } such that
Applying natural growth by t 0 gives
In particular,
Theorem 2. The Hopf algebra of rooted trees, H rt , can be generated by elements formed by repeated application of operators of the form N t to the tree with a single vertex.
Proof. It is sufficient to show that any t ∈ H rt can be written as a finite linear combination of elements in the set {N tn (. . . (N t1 (•) ) . . .)|n ∈ N, t i rooted tree} .
We proceed by induction on the fertility of the root vertex of t. Any rooted tree t with root fertility one can be written t = B + (t 1 ),
By induction, suppose all trees with root fertility m − 1, that is of the form B + (t 1 , . . . , t m−1 ), can be written as a linear combination of trees formed by repeated application of general natural growth operators. By 8, the tree t = B + (t 1 , . . . , t m ) can be written
Since every rooted tree t can be written as a linear combination of the set {N tn (. . . (N t1 (•) ) . . .)|n ∈ N, t i ∈ R} , it generates the Hopf algebra H rt .
It is useful at this point to remark that the operator B + can be used to define the maps φ t . Let t = B + (t 1 . . . t n ). Then
Proof. Let t ′ = B + (t 1 . . . t n ). From equations 5 and 10,
By equations 8 and 4, the second line evaluates to
2.3. Sub Hopf algebras generated by natural growth. One can generate sub Hopf algebras of H rt by careful selection of a family of trees by which to grow.
Definition 10. Let S be a set of rooted trees. This defines a set of natural growth operators
Define A S as the sub algebra of H rt generated by the trees in S and the repeated application of operators in N (S). That is
By construction, if u ∈ A S and t ∈ S, then N t (u) ∈ A S .
Theorem 3. If Q[S]
∈ H rt is a Hopf algebra under ∆, then so is A S .
Proof. It is sufficient to show that
Since, Q[S]
and A S are graded and connected, this implies that they are Hopf algebras. Consider s, t ∈ S, N t (s) ∈ A S . By Theorem 1,
The term N t (P cs (s)) ∈ A S since P cs (s) ∈ Q[S]. Similarly, the second term in equation (11) can be written cs admis. cut of s ct admis. cut of t P ct (t)P cs (s) ⊗ N Rc t (t) (R cs (s)) ∈ A S ⊗ A S .
Since the trees t, s ∈ S, the Hopf algebra structure of Q[S] implies that R cs (s) and R ct (t) are as well. Therefore N Rc t (t) (R cs (s)) ∈ A S . For a set of trees {s, t 1 . . . t n } write u s,t1...tn ∈ A S , defined u s,t1...tn = (N tn (. . . (N t1 (s) ) . . .)) .
To calculate the coproduct of u
By induction, suppose that for all elements of the form u s,t1,...t k for k < n, and s, t i ∈ S,
Then by similar arguments as above,
Since the N t are algebra homomorphisms, this extends to all u ∈ A S . The Hopf algebra generated by this set is H CK .
The rest of this section is devoted to computing the subHopf algebras defined by fan graphs. Definition 11. Let F i be the graph of weight i with i − 1 leaves. These are called fan graphs.
The function associated to each fan graph is
Let S k = {F i |i ≤ k}. Using this notation, H CK = A S1 .
Theorem 4.
The algebras A S k are Hopf algebras.
Proof. We need only check that Q[S k ] is a Hopf algebra. To see this, notice that for n ≤ k,
The Connes Moscovici Hopf algebras and their generalizations
In [6] , the authors define a Hopf algebra H(n) on vector fields over F + M , for M n-dimensional manifolds. This section recalls their construction, and generalizes it. For a clear explanation of Connes and Moscovici's construction of H(n), see [11] .
For a n-dimensional smooth manifold, M , let
i form a basis of T U . In general, Greek indices correspond to the local coordinates on U and roman indices refer to the parametrizing indices in R n . Connes and Moscovici are only interested in orientation preserving diffeomorphisms on M , and thus only consider orientation preserving frames F + (M ). In the one dimensional case, this means they can write y(s) = e z(s) (12) for some z : R → M . They define a connection gl(n) valued one form on T F + (U ),
with Christoffel symbol Γ µ α,β . This connection defines a horizontal vector field in T F + (U )
Further they define vector fields in T F + (U )
which generate the GL + (n, R) action on F + (U ). In the one dimensional case, curvature, and thus Christoffel symbols, aren't defined. Instead define a function
If ψ is an orientation preserving local diffeomorphism on M with Dom(ψ) ⊂ U , then
These function transform under coordinate change as Christoffel symbols do. Namely,
In this case, the connection is defined
with horizontal vector field
The vector fields X and Y act on the algebra generated by compactly supported functions on M crossed with the pseudo group of orientation preserving diffeomorphisms of M .
Definition 12. Let Diff
+ (M ) be the pseudo group of orientation preserving local diffeomorphisms on M . Define a group
that is the semidirect product of compactly supported smooth functions on F + (M ) with orientation preserving diffeomorphisms of M .
Any ψ ∈ Diff + (M ) lifts to a diffeomorphism of the frame bundleψ ∈ Diff
The group A is generated by the monomials
The * in the monomial corresponds to the contravariant multiplication
where · corresponds to pointwise multiplication. Writing U * −1 ψ
. The actions of X i and Y on the monomials f U * ψ are given by
Before recalling their actions on products, we recall the push forwards of these vector fields. For a point p ∈ F + (U ), andp =ψ(p). Theñ
That is, the vector field Y j i is invariant under orientation preserving diffeomorphisms. On the other hand,
LetΓ µ α,β be the Christoffel symbol under the change of coordinates on M from x µ to ψ µ (x), Theñ
Any vector field V acting on a product of monomials (
Applying (18) to X i gives
For a, b ∈ A, equation (20) gives
Connes and Moscovici show that
When M is a one dimensional manifold, define δ 1 := δ Writing ψ ′ = ∂ x ψ, and using equation (13), at the point q =ψ(p),
The Hopf algebra H(n) is the universal enveloping algebra of the Lie algebra generated by Y 
If M is a one dimensional manifold, this is trivially true. We do not make such a requirement in the one dimensional case.
For the rest of this paper, we are only interested in the one dimensional case, where the Lie algebra of interest is generated by Y, X, {δ i |i ∈ N} The Lie algebra has the commutation relations
The universal enveloping algebra of this Lie algebra is the Hopf algebra H(1). Commuting with the vector field X corresponds to the natural growth by a single vertex. The operators {δ i |i ∈ N} generate a Hopf algebra H CK that is isomorphic to the sub Hopf algebra of rooted trees formed by applying the natural growth operator, N • , to the tree • from example 1.
3.1. The new Hopf algebra H rt (1) . In this section, we enlarge H(1) to a Hopf algebra that incorporates vector fields X t that correspond to natural growth by the tree t.
Since the vector field X in H(1) acts on δ i as natural growth by •, and Y (δ 1 ) = δ 1 , we rename these maps to indicate the trees they correspond to in H rt . Specifically, define
By this notation, define the function γ(ψ) = γ • (ψ). Using the coordinates introduced in (12), and equation (14) we rewrite X • in terms of the independent coordinates x, z. Specifically, z = log dx ds , Y = ∂ z , and
The pushforward of φ t leads to a useful expression for calculating its action for a product of monomials in A.
Lemma 5. The pushforwardψ * φ t = c admis. cut c = full
For R c (t) = 1, we write φ 1 = Y .
Proof. Write t = B + (t 1 . . . t n ). By lemma 4 writẽ
For subsets I ⊆ {1, . . . k},
Making the substitution
into any of the summands of (24) corresponds to making an admissible cut of t with pruned forest j ∈I t j . In the expression forψ * φ t , these appear as j ∈I φ tj (γ • (ψ)). For a fixed set I, and a fixed n ∈ I, write the tree t n in (24) t n = B + (t n1 . . . t nr ). For subsets I ′ ⊆ {1 . . . r}, use the definition of a pushforward and equation (24) to write the function
Substituting this expression into (24) corresponds to also taking an admissible cut of t n . Therefore, the summands ofψ * φ t , as given by equations (24) and (25) correspond to non-full admissible cuts of t. For each such cut, c, the function associated to the pruned forest by the map φ is of the form φ Rc(t) γ • (ψ) = γ Pc(t) (ψ) , an the root tree is φ Rc(t) |ψ .
We use this result to calculate the coproduct of δ t . (γ Pc(t) (ψ)f U ψ )(γ Rc(t) (η)gU η ) .
. We use these linear operators to define a family of vector fields corresponding to natural growth.
Definition 15. Define a family of vector fields
These act on A by X t (f U ψ ) = (X t f )U ψ .
Remark 3. Notice that X t = φ Nt as defined in equation (5) . By equation (9), one can write X t = φ B+(t) .
Theorem 6. The coproduct of the vector fields X t is the same as the coproduct of the natural growth operator on H rt . Namely, ∆X t = X t ⊗ 1 + c admis. cut of t δ Pc(t) ⊗ X Rc(t) .
As with natural growth, we identify Y = X 1 .
Proof. The coproduct of X t is calculated by evaluating X t (f U ψ )(gU η ) = (X t f ) · (g • ψ)U ηψ + f · (ψ * X t g)U ηψ .
Write X t = φ B+(t) , as in remark 3. Lemma 5 gives ψ * X t = c admis. cuts of B+(t) c = full γ Pc(B+(t)) (ψ)φ Rc(B+(t)) |ψ .
The edge set of B + (t), E(B + (t)) = E(t) ∪ e. A non-full admissible cut of B + (t) is either an admissible cut of t, or c = e. For any non-full admissible cut of B + (t), c, R c (B + (t)) = B + (R c (t)). If c = e, it is the full cut of t, and R c (t) = 1. Therefore, ψ * X t = c admis. cuts γ Pc(t) X Rc(t) |ψ . This is of the same form as the coproduct of the natural growth operator N t from Theorem 1.
Definition 16. Let L(1) be the Lie algebra spanned by the element Y , {X t |t rooted tree} and {δ t |t rooted tree}. Let H rt (1) = U(L(1)).
It remains to check the commutation relations on L(1). .
